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Abstract 



A general structure of effective action in new chiral superfield model as- 
sociated with N = 1, D = 4 supergravity is investigated. This model corre- 
sponds to finite quantum field theory and does not demand the regularization 
and renormalization at effective action calculation. It is shown that in local 
approximation the effective action is defined by two objects called general 
superfield effective lagrangian and chiral superfield effective lagrangian. A 
proper-time method is generalized for calculation of these two effective la- 
grangians in superfield manner. Power expansion of the effective action in 
supercovariant derivatives is formulated and the lower terms of such an ex- 
pansion are calculated in explicit superfield form. 



1 Introduction 



In our previous paper jl] we have presented a new model of chiral superfield and 
investigated its quantum formulation. This model is conditioned by supertrace 
anomaly of the matter superfields in external superfield of N = 1, D = 4 supergrav- 
ity The corresponding anomaly generating action has been constructed in ref.[2]. 
We have considered a theory, action of which is a sum of the anomaly generating 
action and the action of supergravity. Being transformed to the conformally flat 
superspace this action takes a form of action of some chiral-antichiral model in flat 
superspace. 

The model under consideration possesses the remarkable properties in infrared 
domain. This model is renormalizable, it is infrared free in some of couplings and 
it is finite in infrared limit. It means that the model can be considered as a natural 
infrared limit of quantum supergravity with matter. 

Our goal in the present paper is to investigate a structure of the effective action 
of the above model in infrared domain. Aspects of effective action in supersymmetric 
models have been studied in a number of papers [3-12]. [] The feature of our model 
is that the model is finite. Therefore we face a problem of effective action in a finite 
quantum field theory and should expect an appearance of the new aspects. 

In the recent papers [3,4,8-10] (see also the book [5]) the method of calculation 
of effective action in superfield theories has been developed and its applications to 
one- and two-loop superfield effective potentials in Wess- Zumino model have been 
considered. This method is based on superfield form of proper-time technique and 
provides a simple enough and manifestly supersymmetric procedure of finding the 
effective action. In this paper we generalize the method introduced and used in 
refs. [3,4,8-10] in order to take into account the features of the dilaton quantum 
supergravity model. 

The essential feature of the model under consideration is a presence of higher 
derivatives Therefore we should solve a problem of development of superfield 
proper-time technique for higher derivative theories. 

In any supersymmetric model containing the chiral and antichiral superfields 
a corresponding effective lagrangian is represented as a sum of two contributions. 
One of them depends only on chiral superfields and their space-time derivatives and 
can be called a chiral effective lagrangian. Another term depends both on chiral 
and antichiral superfields and their supercovariant derivatives and can be called a 
general effective lagrangian. Of course, an exact calculation of chiral and general 
effective lagrangians is impossible and we have to use the approximate schemes. It 
is natural to search the effective lagrangians in form of power expansion in super- 
covariant derivatives. As we will see the remarkable properties of the model under 
consideration stipulated by its finiteness allow to write down each term in these ex- 
pansions in explicit form up to some constants. In particular, here we can not expect 
in the effective lagrangians any logarithmic contributions which are most typical in 

1 We would like to notice that some classical aspects of the jll| have also been considered in 
earlier paper p3[ 

2 We do not discuss here the question of unitarity of 5-matrix, caused by higher derivatives. The 
model under consideration should be understood as an effective theory and aimed for investigation 
of low-energy behaviour. 



the standard quantum field theories with divergences. As a result we have the only 
problem how to evaluate above constants. 

Use of the superfield proper-time technique allows to calculate any term in above 
expansions for one-loop general and chiral effective lagrangians. In this paper we 
find the lower terms in these expansions and show they have no any divergences and 
their structure corresponds to result of general analysis of the effective lagrangian 
on the base of the dimension and finiteness of the theory. 

The paper is organized as follows. The section 2 is devoted to description of the 
model, definition of superfield effective actions and its symmetries and investigating 
the properties of the general and chiral lagrangians. In section 3 the method of 
calculating the one-loop effective action is developed. In particular we show that 
the one-loop effective action for chiral- antichiral superfield model can be expressed 
in terms of some vector multiplet model. The sections 4 and 5 are devoted to 
calculating the lower terms in expansions of general and chiral one-loop lagrangians 
in derivatives. In section 6 we show the correspondense between the model under 
consideration and massless Wess-Zumino model. The summary is devoted to general 
discussion of the results. 



2 Structure of effective action 

The previous paper [0 has been devoted to investigation of structure of renormaliza- 
tion and infrared asymptotical behaviour of four- dimensional dilaton supergravity 
model. The action of this model is given as a sum of the action generating the su- 
perconformal anomaly and the classical action of N — 1 supergravity. The complete 
action in the conformally flat superspace has the form 

S = [ d s z( Q-^oUo + D & aD a cr x (Zid a Ja + a) + 
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&D«aD a a) - ^-e CT+ *) + (A / d 6 ze 3(T + h.c.) ( I ! 



Here a = ln$ where $ is a chiral supergravity compensator (the only dynamical 
field in this theory), Q 2 , £ 1; £ 2 , A are couplings, a is dimensionless. 

We have investigated renormalization group equations for the effective couplings 
of this theory and proved that in infrared limit (i.e at t — > — oo) they satisfy the 
conditions: = £2^) = fn 2 (t) = 0, Q 2 {t) = Q 2 7^ 0. So, action of the theory in 

infrared domain can be written in the form 



S 



J d 8 z( - \-^2°Va) + (A J d 6 ze 3 ° + h.c.) (2) 

It is easy to show that classical action (D) is invariant under transformations 

a — » a + a, a — » a + (3 (3) 
A -> e~ 3a A, A -> e" 3/3 A 

a and (3 are the independent parameters, for example, for chiral effective action 
independent on a we put f3 = and A is not transformed. After introduction of 



classical background field a and the quantum one x HH we arr i ve a t the following 
quantum action for x which will be also invariant under transformations (J3|) of 
background superfields a and a. 

S q = J d 8 z( - ^iX°x) + (A | d 6 ze 3CT (e 3x - 1 - 3 X ) + fc.c.) (4) 

The quantum field x i R (4) is not transformed under these transformations (0). 
The effective action of the theory has the form 

T[a,a}=S[a,a}+f[a,a} (5) 

where S[a, a] is the classical action and f [a, a] is the sum of all quantum correc- 



tions. Here the functional T[a, a] is defined as follows (see f.e. ||13||) 



exp(zr[cr, a)) = J DxDxexp(iS q [a, a; x, x}) (6) 

It was proved in the previous paper Q that the theory under consideration is finite 
so any anomalies in this theory cannot arise. Therefore we should expect that the 
effective action is also invariant under the transformations (0). 

We suppose that the quantum correction to the effective action can be rewritten 

as 

f = / d 8 zL + ( / d 6 zC c + h.c.) (7) 



Here L is a general effective lagrangian, C c is a chiral effective lagrangian satisfying 
the condition Da£ c = i.e. C c is a chiral superfield itself. C c {a) depends on a and 
its space-time derivatives but not on D a cr, D 2 a. One can suppose that C c {cr) can 
depend on D 2 a since D 2 a is a chiral superfield, i.e. in the expansion of C c {a) the 
terms of the form f(a, da, d 2 a . . .)(D 2 a) formally can arise but their contribution 
to the effective action of the form J d 6 zf(a, da, d 2 a . . .){D 2 a) n can be rewritten as 
an integral over whole superspace as / d s zf(a, da, d 2 a . . .)(D 2 a) n 1 It means we can 
consider such terms as the corrections to the general effective lagrangian and put 
C c (a) to be independent on a. 

The effective lagrangians L(a, a) and C c (a) can be represented in the form of 
power expansion in derivatives of a, a. The lower correction to L should has the form 
L ~ A kl A k2 e n ( CJ + a ) where k\,ki and n are some numbers. It is turned out that all 
these numbers, in principle, can be found exactly without any calculations. Namely, 
requirements that the dimension of L is 2 and that the action is invariant under 
the transformations (|D allow to obtain the lower contribution to general effective 
lagrangian in the form 

K = p(AA) 1/3 e CT+<f (8) 

where p is some dimensionless constant which can be found only at straightforward 
calculations. 

The lower contribution to C c should have the form of a linear combination of the 
terms 

A qi A q2 e pa d m ad m a and A qi A q2 e pcr Oa where q±, q%, p are some numbers. The di- 
mension of C c is 3, hence 3(gi + q-i) + 2 = 3. The invariance of C c under above 



transformations leads to — 3qi + p = (we use transformations at (3 = there). As 
a result q\ — p/3, q 2 = 1/3 — p/3. Hence the lower contribution to C c looks like this 



£ C = A 1/3 [£( X ) Ppi e^d m ad m a + Y.(T) Pp^Oa] (9) 

Pl P2 

where p Vx and p P2 are some dimensionless constants. These constants and the values 
of pi and P2 can be found at straightforward calculations. 

In this paper we will calculate the lower corrections to the general effective 
lagrangian L and to chiral effective lagrangian C c (a) at the one- loop level exactly. 



3 Problems of calculating the one-loop effective 
action 

It is well known that the one-loop correction to the effective action has the form 

exp(iF«) = [ D X Dxexp(iS^[a,a; X ,x]) (10) 



where is a quadratic part of S q (f|). In the case under consideration one can 
obtain 

exp(*r«) = J D X Dxex P {[jd s z(-^^xOx)+ (11) 

(3X) 



+ (A J d e ze sA -^- + h.c.)}} = Der^H 



where 

9Ae 3<T 



H ~ I n Dl 9A e 4 3^ 



Straightforward calculating Det 7i is a very complicated problem since elements 
of this matrix are defined in different subspaces of the superspace and mix the 
chiralities. In the papers [3,4] where the Wess-Zumino model was investigated a 
trick allowing to avoid these difficulties has been suggested and the effective action 
has been expressed in terms of Green function of the real scalar superfield. We will 
show that the trick carried out in these papers can be applied to the theory under 
consideration too. 

We consider a theory of a real scalar superfield with the action 

S = — ^!_— / ,r:XD"D-D„UY (12) 



(Airy 16 

and calculate a corresponding one-loop effective action. 
This theory is invariant under gauge transformations 

V ^V* = V + -ty),D^ = 0,D a ty = (13) 



We choose the gauge-fixing functions as follows 

1 



F(V) = -D 2 V - X (14) 
F(V) = ~D 2 V- X (15) 



Their variation under transformations (13) has the form 



F(V) \ _ _ M(0) / * \ (16) 



where 

Mm - ( "f ) <") 

As a result we can write 

cfetM (0) | DtfDf 5+(F(0)M*XO) = 1 (18) 
The one-loop effective action W v for the theory ( |12"D has the form 

exp(zW v ) = [DVdetM ( - 0) 5 + (F(V))54F(V))exp{-—-Q-^x (19) 
J 16 (47r) 

x /" d 8 zV7} a jD 2 D Q ,niV'} 
By definition exp^W^) is a constant. So, after multiplying ([□]) and (|19"D we obtain 

exp^f (1) + iWg = y D X DxDVdetM {0) 5 + (^D 2 V - x)$-{\d 2 V - X ) X 

x exp{-^^ y d^W^A,^} - (20) 

- {[y - ~ Tf^ *) + ( A / + /i.e.)]} 

Let us integrate over x using delta-functions, then one obtains 

exp^r^^exp^W^rfer 1 ]^^ = 

1 r O 2 QA r D 2 V 2 

= Wexp{~ J d*z-^Vn 2 V+C-± J d«ze*°{^L) + (21) 

+ Tl ^(^) 2 )> = / DVeM^VAV) 



bmce W v and detMW are constants by the definitions we can obtain one-loop 
effective action for the theory under consideration in the form 



rW = % -TrlnA (22) 



where 

O 2 D 2 D 2 

A = — -—- 2 D 2 - 9Ae 3CT — - 9Ae 3s — (23) 
(4tt) 2 4 4 V ; 

We would like to notice that the operator A contains the higher derivatives (it 
contains the four derivatives being written in component form). 
From fl2"2]) we obtain 

f(D =-1 r^Tre* sA (24) 
2 jo s 

Our aim is to calculate Q(cr, <r|s) = e tsA . Now let us consider general effective 
lagrangian and chiral effective lagrangian separately. 

4 General effective lagrangian 

We start with calculation of the lower correction to general effective lagrangian, i.e. 
a case when the fields a, a and hence f2(cr, a\s) do not depend on derivatives of the 
fields. It is easy to see that the Q has the form 

n(a,a\s) = exp(is(^2 a 2 - ^Ae 3(T D 2 - ^Ae^D 2 )) = (25) 
= exp^—Ae 3 ^ 2 - ^Ae 3 °D 2 )) exp(ts-^a 2 ) 

Hence, to calculate a trace of Q we must compute: 

1. = exp(zs(--Ae 3CT J D 2 - -Ae 3 ° D 2 )) 
v v 4 4 

O 2 

2. [/(x, x'|s) = exp(is-^D 2 )5 4 (x - x') 

(4?r) 

For simplifying calculations we will introduce a new parameter s using a rule 
— > s and denote 

(4tt) 

9 a (4tt) 2 - 9 x (4tt) 2 3ct 3 - 

Then f2 has the form 



n(tr, a |s) = exp(is(D 2 + h^D 2 + /i^TJ 2 )) = exp(is(h(pD 2 + h(pD 2 )) exp(is0 2 ) (26) 

Let us consider at first the function Cl = exp(is(tupD 2 + htpD 2 )) satisfying the 
equation 

dQ 

= -OA (27) 

as 

Here 

A = /i^D 2 + hcpD 2 , n\ s=0 = 1 



Let us represent Cl in the form of expansion in spinor supercovariant derivatives || , 



Q = l + —A(s)D 2 D 2 + —A{s)D 2 D 2 + -B a (s)D a D 2 + B«{s)D"D 2 + (28) 
lb Id 8 

\c{s)D 2 + \c{s)D 2 

The solution of the eq. (27) for Cl (28) with the initial conditions: A, A, B, B, C, C 
at s = are equal to zero looks like this 

A = A = — [cosh(4:S\J hhcppn) - 1] (29) 

where s = —is (see some details in refs. [3,4]). It follows from (24, |28]) that only 
terms containing A and A give non-zero contribution when calculating trace of Q. 
The eq. (^U|) shows that lower contribution to one-loop general effective lagrangian 
depends only on ipip = e 3( - a+a \ 

After calculations described in Appendix A we obtain the lower contribution to 
one-loop general effective lagrangian in the form 

^ (1) = (^)(AA) V V +S (30) 

where c is a finite constant. The explicit form for c is given in Appendix A. 

This result coincides with the general structure of K obtained in the section 2. 
We also see that although there is no the 'massive' term like e <J+CT in this theory at a 
classical level such a term arises as a quantum correction. We can conclude that the 
lower contribution to one-loop general effective lagrangian is finite in correspondence 
with the results of the previous paper [Q . 



5 Chiral effective lagrangian 

In this section we consider calculating the lower contribution to one-loop chiral 
effective lagrangian up i.e the part of one-loop effective action which is a chiral 
superfield itself and does not depend on a. To calculate the chiral effective lagrangian 
in the model under consideration one should put a = in the operator $7(cr, a) 
introduced in the section 3. Here and further we will denote Q(cr) = Q(a,a)\^ =0 . 
The operator Q(a) has the form 

tt(a) = e isA = exp(is(D 2 + hipD 2 + hD 2 )) (31) 

The part of one-loop effective action depending only on the chiral superfield tp can 
be written as 

f« = -j r-Tre tsA (32) 



2 Jo s 

where A = D 2 + fupD 2 + hD 2 . We will call the one-loop chiral effective lagrangian 
Dp that part of f^ 1 ) which is a chiral superfield itself and depends only on (p and 
its space-time derivatives. 



We can represent Cjp as a power expansion in space-time derivatives. Our aim 
here consists in calculating the lower terms in this expansion. 
Let us consider e lsA in details. We can write it in the form 



e isA _ gisCH e is(h<pD^+hD J ) ^ ^33^ 

where M depends on different commutators of the form 

[□ 2 , [. . . [hipD 2 + hD 2 , [. . . [D 2 , hcpD 2 + hD 2 ]]]] 

and can be represented in the form M — 1 + (commutators) since if all these 
commutators are equal to zero, M will be evidently equal to 1. Due to the cyclic 
property of trace one can write 

Further, it should be noted that the lower commutator in M of the form [D 2 , htpD 2 + 
hD 2 }, and hence higher commutators contained in M depend at least on first space- 
time derivative of ip so M can be written in the form: 

M = 1 + d m <pa m + ... 

where a m depends on ip, D a ip, D 2 ip and contains d in different powers, dots denote 
all terms proportional to second and higher space- time derivatives of tp. 

Then, after calculation f2 = e is ( h v D + hD ) we will obtain the coefficient A in the 
expansion (28) in the form 

A(s) = Ai(s\(p, dip..) + D a ipD a <pA 2 {s\<p, dip..) + D 2 <pA 3 (s\<p, dtp..) 

and A in the analogous form. Here dots denote higher space-time derivatives of (p 
and powers of □. Because of ( |A.I|) the one-loop chiral effective lagrangian has the 
form 

4 1] = -k-r) / -D 2 < A(~s)+A(~s) > U{x,x';s)\ x=x , 
I 4 jo s 

which can be rewritten as follows 

4 1} = 2i/ -(d m ^d m ip(A 2 (s\ip,d^..)+A 2 (s\ip,dip..)) + 
Jo s K 

+ n<p(Aa(s\<p,d<p..) + A 3 (s\ip,dip..)))u(x,x';s)\ x=x > 



So dependence of A and A on dip and higher space-time derivatives of <p gives 
contribution only to third and higher orders in expansion of in derivatives. It is 
evidently that taking into account the commutators containing in M we will get the 
higher orders in derivatives by analogous reasons. Hence to calculate chiral effective 
action up to the second order in derivatives one should: 



1. put M in (|33D to be equal to 1, i.e. put 



gisA _ e isU 2 e is(htpD 2 +hD 2 ) 



2. When calculating e ls ^ hlfiD +hD ) put d m ip and higher space-time derivatives of tp to 
be equal to zero. 



So we can represent Q(a) for calculating the chiral effective action in the form 

ft(a) = Q((r)e isn2 

where 0(c) = exp(is(h(pD 2 + JiD 2 )) = exp(isA). Here Cl(a) satisfies the equation: 

i^l^-n(a)(hcpD 2 + hD 2 ) 

OS 

Q can be represented in the form fl2"8|) . The initial conditions coincide with those 
one for the general effective potential, namely, Q=l and A, A, B,B, C,C all are 
equal to zero at s = 0. 

We can solve the system for Q by the method analogous to one of refs. [3,4]. 
The operatoral coefficients A, A necessary for our calculations have the form 

A = — (cosh(WS) - 1) (34) 
,„ r , „, o 64hh ,smh(Ws) _ N ^ 9 

+ 2 13 -^ J D a ^ J D a (^[H/5cosh(H/5) - 3sinh(Ws) + 2Ws}} 



where W = 16y hfupD and <^ = e 3<T . 

After the calculations described in Appendix B one obtains the one-loop chiral 
effective action up to the second order in derivatives in the form flBJIIQ . Restoring 
a in this expression using the definition ip = e 3<J we arrive at in the form 

A 1/3 A _2/3 A 4/3 

C<p = A 1/3 {((c 1 + 3c 3 )( x ) e- + c 2 ( x ) e 2CT + 3c 4 ( x ) e^) X (35) 

A 1/3 A 4/3 

x d m ad rn a + aa(c 3 (-) e~° + c 4 (-) e" 4ff )} 

where ci, C2, C3, C4 are finite constants given in Appendix B. 

The eq. (35) is the final result for the lower correction to the one-loop chiral 
effective action. We see that it is not equal to zero but essentially dependent on 
space-time derivatives. This result corresponds to the general structure of Cjp 
obtained in the section 2. We also can conclude that it is finite in correspondence 
with the results of the previous paper [|TJ . 

6 Generating of Wess-Zumino model 

We have calculated the lower correction to the one-loop effective action for the theory 
under consideration and proved that the effective action in this approximation has 
the form: 

T = [ d 8 z(- -^]-ana) + (A [ d 6 ze 3a + h.c.)+ (36) 
J [Ait) 2 J 

+ c(A) J d s ze ^ + 



+ (— ) [y rf 6 ^{(( Cl + 3c 3 )e- CT + c 2 e 2 ° + 3c 4 e- 4CT )9"Va m a + 

+ na(c 3 e- a + c 4 e' 4a )} + h.c.} 

Here ones put A = A. If we also put d m a = 0, d m a = (i.e. consider the superfields 
slowly varying in space-time) we will obtain the effective action in the form 

a 2/3 

T = c(— ) y d 8 ^" + (A y d 6 ze 3a + h.c.) (37) 

Let us denote <fi = \fc(^J ^ e<T ; = v^(<^) ^ e<J - Then the eq. (37) can be 
rewritten as follows 

r = J d 8 z<fxf) +(\J d 6 z(j) 3 + h.c.) (38) 

where A = Q 2 c~ 3 ^ 2 . This action describes dynamics of a massless chiral superfield <p 
of dimension equal to 1 and completely coincides with the action of massless Wess- 
Zumino model. So one can conclude that the four- dimensional model of quantum 
supergravity chiral compensator in infrared limit leads to the Wess-Zumino model. 

We see also that A is absent in the action ([38|), its role consists in transforma- 
tion of dimensionless field $ ($ = e°" is a chiral compensator) to the field with 
dimension 1. 



7 Summary 

We have investigated a structure of effective action for the dilaton supergravity 
in the infrared domain where the model is finite. The effective action is defined by 
general effective lagrangian and chiral effective lagrangian. We have considered a 
generic form of lower contributions to these effective lagrangians within expansions 
in supercovariant derivatives and found that the finiteness of the model allows to 
write down the terms in above expansions up to some constants. 

Generalized superfield proper-time technique has been developed and its appli- 
cation to calculating the one-loop effective lagrangians has been investigated. In 
particular, the lower contributions to the general effective lagrangian and chiral 
effective lagrangian have been calculated in explicit superfield form. 

We have studied a structure of one-loop effective action constructed on the base of 
the lower contributions to the effective lagrangians for the superfields slowly varying 
in space-time. It is shown that in this limit the effective action is reduced to the 
action of standard massless Wess-Zumino model. 

We would like to notice in conclusion that the non-supersymmetric model of 
dilaton gravity has been developed in ref. [14]. The structure of effective action in 
this model was considered in refs. [15-22]. The supersymmetric model studied here 
is finite unlike non-supersymmetric version. It leads to simple enough structure of 
the effective lagrangians in compare with one in non- supersymmetric model [15-22] . 
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Appendix A. Calculation of one-loop general effective po- 
tential 

It is well known from refs. [3,4] that the one-loop effective action has the form 

fW = -l[ d 8 z f°°- < A(s)+A(s) > U(x,x';s)\ x=x/ (A.I) 
2 J Jos 

where A(s) and A(s) are given by (28). We will calculate 

< A(s) + A(s) > U (x, x'; s)\ x=x > 
One can represent this expression in the form 

oo 

< A(s) + A(s) > U(x, x'- s) = fn(sp n U(x, x'- s) 

n=0 

Here U(x, x'\ s) = exp(i(s+ie)0 2 )S 4: (x— x'). Our aim is to compute D n U (x, x; s)\ x=x >. 
Using the Fourier representation 



U (x, x'] s) 

ones obtain 



^ ^ i{s+ie)k A -ik{x-x') 



(2nf 



J (27f) 

When x = x' we find 

n"U(x,x';s)\ x=x , = j -^{-tffjM* 
If n is even, n = 21, then 

if n = 21 + 1 then 



n»U{z,z; 8 ) = (-ilj f^{-tf)e^" 
where we take into account 



OS 



For the integrals arisen one obtains 



where s = —i(s + ie). The < A(s) + A(s) > due to fl2"9|) can be written as 

l~= 2n+2 

~ (As\ hh(p0) 

<A { s) + A(s)>=2Z [ \ 2n l% (A.IH) 

After using ( |A.II| ) and (|A.III|) and carrying out the Wick rotation we obtain the 
contribution to the effective action corresponding to general effective potential in 
the form 



(4/ + 4)! {W) Ulx=x ' ] 



Or in the equivalent form 

K '» = fAr^i' 16 ,?!"''"' 1 ''^- (a-v) 

7 io ^ L (4/ + 2)! 32tt 2 v ; 

(16^)) 2;+2 (-l) m (2/ + l)!! ^ +3/ 
(4Z + 4)! 32tt 3 / 2 J 

— 2/3 

Now let us put u = (IQhhiptp) s. It leads to the expression 

, \2 2 /3 

K (l) = A 1/3 A 1/3^W^ f d S ze *+& x (A.VI) 

/•oo °° m 3 '(-1)'Z! m 3 '+ 3 / 2 (-I)'(2/ + I)!! n 
X 7o M f^U27r 2 f4/ + 2)! 327r 3 / 2 2'f4/ + 4n / 



(we have restored A and (p using h = —36^^, ipip = e 3 ^°" +cr - ) ) The contribution to 
general effective action has the form 

K m = -^-|A| 2 / 3 / d 8 ze° + ° (A.VII) 
where c is a positive finite constant. Namely, 

/3 r - , U *\-l) l l\ M 3 ' +3 / 2 (-l) i (2/+l)!!s / A "\ 7TTT\ 

c=Uix) /i duy{ ^y— 1 — , /0 ' \ (A.VIII) 

Jo ^32tt 2 (4/ + 2)! 32tt 3 / 2 2'(4/ + 4)! > v ; 

The proof of finiteness of this constant is analogous with the proof of finiteness of 
constants arisen when calculating chiral effective action which will be carried out in 
Appendix B. 



Appendix B. Calculation of one-loop chiral effective la- 
grangian 

Due to (|34l ) we can represent A + A in the form 

A + A = na^ + £ { "yyV + 9A^ + V x (B.I) 

fe l (2/ + 2)! (2/ + 3)! V ; 

x s^dV + 2 21 hh 2 Da(pDaV (iQ 2 hh) l i P l :s 2l+3 ( / 1 - - 7 , 3 - ))□' 

^ y? v !y v (2/ + 2)! (2Z + 3)r J 

Now we are again use the rule ( [A.ip and (|A.H|) and carry out the Wick rotation. 
Transforming ( A.lf) to the form of the integral over chiral subspace we arrive at 

= \ jf £ { - [ 4 ^ 2 (i (ir+3)f DV + 83 ^ 2 ( i62 ^) 2 v 2fc_i x 



3 )^^^]^^5 3fc+1 + 



(4fc + 2)! (4A; + 3)! 7 r 32tt 2 

,( 16 2 fr/i) 2 V 
(4A; + 5)! 



1 3 , na n i(-l) fc (2A; + !)!!_. 



v (4A; + 4)! (4A; + 5)! y r rJ 2 fc 32vr 3 / 2 
Terms of the form _D 2 $ n are omitted here since they are evidently equal to zero. 

_. 4/3 

Let us put u = {IQvhh) <£> 2 / 3 s. Then we obtain 

4 1 ) = -rdu(--D 2 ) * f> 3fc {-[4M 2 7 , 1 - x (B.II) 

x D V + 8^V-^ - _3_)^ aV ] x 

x izll^: " + [4frfr 2 , 1 - D 2 ip + 8 3 hh 2 (16 2 hh)<p x 

32 - 2 (16v/M) 4/ >3 1 ( 4fc + 5 ) ! 

) D <P D M 0^3/2 " ^10/3 e ,J 



v (4A; + 4)! (4A; + 5)! 7 ^ Q ^ J 2*32tt 3 / 2 ^rf^f/*^/* 
It is equal to 



/■OO °° 

4 1} = 2/ dwV u 3k {d m <pd m <p x 

70 fc=0 



x [S^-^h^i 



1 3 ,(-!)**! u 



(4fc + 2)! (4fc + 3)r 32vr 2 <p 7 / 3 



1 3 (-l) fc (2A; + l)!! /3 - 1/3 ^/ 2 



v (4A; + 4)! (4A; + 5)! 7 2 fe 32vr 3 / 2 </? 4 / 3 

ft-4/31-5/3 1 (-l) fc (2fc+l)!! ^ 2 



The constants Ci, C2, C3, C4 introduced in (|35| ) have the form 



/■oo j — 1 

Ci = 18 / du^ u 
Jo 



c 2 



v (4A; + 2)! (4fc + 3)!' 32tt 2 

- 18 f 1 _ 3 , (-i^i)i! (BJV) 



poo _ — ' 

c 3 = 6 / d«Vti 



(4fc + 4)! (4*; + 5)! 7 2 fc 32vr 3 / 2 

1 (-l) fc fc! 

(4fc + 3)! 32^ 



fc=0 

x 1 I 1 \ fc i 

3fc+l 



C4 = —6 / (in 



K 



fc=0 



3fc+5 /2 I (-l) fc (2fc + l)!! 
(4A; + 5)! 2 fc 32vr 3 /2 



All these integrals over u are finite. Let us prove this statement. 
We start with the following integrals 



y du^^u 



3fc+5 /2 (-l) (2fc + l)» 
2H4fc + 4)! 



Let us consider the identity 



00 



(2n+l)!! 1 , 3 N 1 , , , „ , 
— T(n + -) = —/ dte~H n+ * 

'7T 2 V7TJ0 



It leads to 

r°° Z" 00 1 /o 00 1 //i 4fc+2 f — 1 ) k 

h = duu dte-\uHT l,2 Y,{{uH) 1 ") (B.VI) 
Jo Jo £? Q (4fc + 2j! 

Let us use the following formulas 

00 fl 4n+2 ■ 1 , • 1 _ ■ 

V-^ -(-l) n = --(cosh ^a- cosh i-^a) (B.VII) 

^ (4n + 2)! 1 ; 2 l ^ ^2 ; 1 ; 

00 a 4n+4 „ 1 1 + i 1 - i 

— (— l) n = — (cosh — + cosh — =-a) + 1 

if (4n + 4)! 1 2 v/2 v/2 ^ 

As a result we obtain 

Ji = -- [°°du rdte-\uty 1/2 (cosh^l(uH) 1/4 -cosh^(uHf 4 ) 
2 Jo Jo V2 v2 

I /-oo /-oo . I 

h = du dte-\ut)~ l,2 {{--) x (B.VIII) 

2y/7l JO JO I 

x (cosh l -±±(uH) 1/A + cosh i^Vt) 1/4 ) + 1) 
v2 v 2 

These integrals are evidently finite. The analogous consideration shows that the 
other intergals in eq. (|B.IV|) are also finite. 
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